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Abstract In this paper, we consider the g-Bernstein polynomials on Zp and 
investigate some interesting properties of q-Bernstein polynomials related to q- 
Stirling numbers and Carlitz's type g-Bernoulli numbers. 



1. Introduction 

Let C[0, 1] denote the set of continuous functions on [0, 1]. Then Berstein oper- 
ator for / G C[0, 1] is defined as 

for k, n ^ where Bk.n{x) = (^')a;'^(l — x)"^'^ is called the Bernstein polynomial 
of degree n (see [1, 9, 10]). 

In [9], Phillips introduced the g-extension of Bernstein polynomials and Kim- 
Jang-Yi proposed the modified g-Bernstein polynomials of degree n, which are 
different g-Berstein polynomials of Phillips (see [1]). 

Let q be regarded as either a complex number g G C or a p-adic number g S Cp. 
If g G C, then we always assume that |g| < 1. If g G Cp, we normally assume that 
|1 — < which yields the relation q^ = exp(a;logg) for |a;|p < 1 (see [1-11]). 

Here, the symbol | ■ |p stands for the p-adic absolute on Cp with \p\p = 1/p. The 

g-bosonic natural numbers are defined by [n]q = -[-^ = 1 + g H h g"^^ (n G N), 

and the g-factorial is defined by [n]q\ — [n]q[n — 1], • • • [2]g[l]g. In this paper we use 
the notation for the Gaussian binomial coefficients in the form of 

A _ [n]ql _ [n]q[n ~ l]q ■ ■ ■ [n - k + l]q 
k)^-[n-k]ql[kW.'' m ' ^^^^^^'^J^- 

Note that lirn{l)^ = (';) = ^ 

Let p be a fixed prime number. Throughout this paper, the symbol Zp, Qp, C 
and Cp denote the ring of p-adic integers, the field of p-adic rational numbers, the 
complex number field, and the completion of algebraic closure of Qp, respectively. 
Let N be the set of natural numbers and Z+ = N U {0}. 
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Let UDiZip) be the space of uniformly differentiable functfon on Zp. For / G 
UD{Zp), the p-adic g-integral on Zp is defined by 

Carlitz' g-Bernoulh number (3k^q can be defined respectively by /3o,g = 1 and by 
the rule that q{qf3 + 1)'' — Pk.q is equal to 1 if fc = 1 and to if fc > 1 with the 
usual convention of replacing /3* by /3i,g (see [5]). As was shown in [5], Carlitz 's 
g-Bernoulli numbers can be represented by p-adic g-integral on Zp as follows : 



/ [xr,d^q{x) = ^lirn^ ^ Y. N^?^'^ = Pn,,, n G Z+. (1) 

The fc-th order factorial of the g- number [x\q, which is defined by 

(1 - q'){l - g^-i) •••(!- g^-'^+i) 



[x]k,q = [x]q[x - l]g • • • [a; - + 1], - _ 

is called the g-factorial of x of order k (see [3]). Thus, we note that (^)^ — ■'^pr- 

In this paper, we consider gr-Bernstein polynomials on Zp and we investigate 
some interesting properties of q-Bernstein polynomials related g-Stirling numbers 
and Carlitz's g-Bernoulli numbers. 

2. g-BERNSTEIN POLYNOMIALS RELATED TO (jf-STIRLING NUMBERS AND 

(J-BERNOULLI NUMBERS 

In this section, we assume that g G Cp with |1 — q\p < p~~ . For / G UD{Zp), 
we consider g-Bernstein type operator on Zp as follows : 

..,(/) w = >:/(r)(',;')w;'ii-»^ir* w 



k=0 ^ 



k 

= y'/(-)-Sfe,n(a;,g'), 

7~i. IT' 

fe=0 

for k, n G Z+, where Bk^n{x,q) = (^)[a;]J[l — x]g~'' is called q-Bernstein type 
polynomials of degree n (see [1]). 

Let {Eh){x) = h{x-\-l) be the shift operator. Consider the g-difference operator 
as follows : 

n 

/^^^=\{{E-q'-'l), (3) 

4=1 

where {Ih){x) = h{x). From (3), we note that 



n>0 

where 



fe=o ^'^^ 9 



(5) 
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The g-Stiring number of the first kind is defined by 

n n 

]l{l + [k]gz) = Y,Si{n,k:q)z'', (6) 

ft=l k=0 

and the g-Stiring number of the second kind is also defined by 

n n 

n(TTTiT7) = E^2(n,fc:g)A (see [3]). (7) 

fe=l ^ + l'^J9^ fe=o 

By (3), (4), (5), (6) and (7), we see that 
S,{n,k:q)z'' = ^p(,-iyqii^Q [fc - j]^ = ^A^^O", (see [1]). (8) 

For q G Cp with |1 — g|p < p~^^ , we have that for k,n G Z_|_, 

n— ^ ^ ^ ' 



in — /c 



n=k ^ ^ 

= ^Bk,n{x,q) — , (see [1]). 



n=0 



Thus, we note that is the generating function of g-Berstein polynomials 

(see [1]). It is easy to show that 

m=0 ;=o ^ ' ^ ' 

By (1), (2) and (9), we obtain the following theorem. 

Theorem 1. For fc,n € Z+ with n> k, we have 



Bk,n{x,q)diiq{x) 



m=0 1=0 ^ / \ / 

where Pn,q are the n-th Carlitz q-Bernoulli numbers. 
In [3], it is known that 

K = E9(^^(!) [kWMn,k:q), 

fe=0 ^'^^ Q 

and 



(10) 



Y:k=i-MB,,^i^,q) 

}^ — ^- — ^ = [x]i, for i e N, (see [1]). (11) 
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By (2) and (11), we see that for i e N, 

oo n m+n-k oo (k\(n\ /, , -, \ 

m=Ofe=i-l J=0 p=0 Vi/ V ' / 

^ + n - A;^ - i + m - 1^ - i)P[2;j"-»-'"+*:+p+' 

By (12), we obtain the following theorem. 
Theorem 2. For fc, n e Z+ anrf i e N, we /lawe 

oo 77, m+n-k oo /k\ fn\ /, , , 
m=Ofc=i-l i=0 p=0 Vi/ ^ ^ 

X ("^ + p - ' + - (-l)'+^+'",'(, - l)^/5„-.-7„,..,,,,. 

From (10) and (11), we note that 
C") 



fe=0 

In (3), it is known that 



By (13), (14) and Theorem 2, we have 



(14) 



/3n,q = qy^T^!^{-l)'S2{k,n- k,: q). 
k=0 

For S2{n, k : q), we see that 

^.(n,fc : q) = El'D'^- g ^ (•^■;")^, (see [3]), (15) 

and 

(:),^|:C)<'-)'-'^*-*-)- 

By simple calculation, we show that 

= f:{q-lM'Ut) (16) 

n n / \ 

= E{E(9-1)'U S,{k,m:q))[x]^, 

m=0 fe=m ^ ^ 9 

and 

/ 5"-dM,(^)=EQ(«-l)'"^m,,. (17) 
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By (16) and (17), wc sec that 



Therefore, we obtain the following theorem. 
Theorem 3. For k,n € Z+, we have 



Sfe,n(a;,9)= X]('?-l)-'+'"f") S,{m,k:q)[xf^[l 

m=k ^'^^ 1 



From the definition of the g-Stirling numbers of the first kind, we derive 

N,! = N„,,g(S) =Y.S^{n,k: q)[x]\. (18) 

By (13) and (18), we obtain the following theorem. 
Theorem 4. For k,n € Z+ and i €N, we have 

By Theorem 2 and Theorem 4, we obtain the following result. 
Corollary 5. For i gN, we have 

i k 

fc=0 (=0 

where Pi^g are the i-th Carlitz q- Bernoulli numbers. 

In [3], the g'-Bernoulli polynomials of order fc (g Z_|_) are defined by 

/c— times 

Prom (19), we note that 

The inverse g-BernouUi polynomial of order k are also defined by 

fl(-fe) (x) = V ^ V'^^ (20) 

Pn„ U (1 _ j^^^ . , . j^^ ,Et.(.-^+.).,dM,(,xO . . . dM,(x.) ' ^ ^ 

(see [3]). In the special case x = 0, j3^}q = I3^)j{0) arc called the n-th g-BcrnouUi 
numbers of order k and j3n,q^ = Pn,q\Q) are called the n-th inverse g-Bernoulli 
numbers of order k. 
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k,q 

j=0 



that 






1 


(1 






1 


(1 






1 



^ (t-") fi + n\ [n]q\ 



k 



■J 9- 



From (15) and (21), we note that 

k + n\ [n\q\ (_„) 
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n 



^2(n,/c:5)=( : l^Cr- (22) 



By (13) and (22), we obtain the following theorem. 
Theorem 6. For k,n €Z+ and i gN, we have 

It is not difficult to show that 



q^ 



1 " 

r-nE(-l)'Nr'^i(r^-l,^:'?)- 



(24) 



fe=o 

By Theorem 4 and (23), we obtain the following result. 

Corollary 7. For k,n gZ+ and i G N, we have 

n O 
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